Abstract. In this paper, we first prove that homogeneous spaces E 6 /A 4 and E 6 /A 1 admit Einstein metrics which are Ad(T × A 1 × A 4 )-invariant, and then show that they admit Non-Riemannian Einstein-Randers metrics.
Introduction
Randers metrics were introduced by Randers in the context of general relativity, and named after him by Ingarden. It shows the importance of Randers metrics in physics. Moreover, Randers metrics are useful in other fields; see Ingarden's account on [1, 10] for their application in the study on the Lagrangian of relativistic electrons.
Just as in the Riemannian case, it is a fundamental problem to classify homogeneous EinsteinRanders spaces. In particular, it is very important to know if a homogeneous manifold admits invariant Einstein-Randers metrics. There are a lot of studies on Einstein-Randers metrics on homogeneous manifolds, see [5, 6, 11, 12, 13, 14, 15, 16, 17] .
In this paper, we will discuss Einstein metrics and Einstein-Randers metrics on homogeneous spaces E 6 /A 4 and E 6 /A 1 . In Section 2, we prove that there are only four Einstein metrics on E 6 /A 4 and two Einstein metrics on E 6 /A 1 which are Ad(T × A 1 × A 4 )-invariant. Furthermore, in Section 3, we prove that there are at least four and two families of E 6 -invariant non-Riemannian Einstein-Randers metrics on E 6 /A 4 and E 6 /A 1 respectively.
Einstein metrics
Consider the symmetric spaces E 6 /A 1 × A 5 and A 5 /T × A 4 . Let E 6 = A 1 ⊕ A 5 ⊕ m 1 and A 5 = h 0 ⊕ A 4 ⊕ m 2 be the corresponding decompositions of the Lie algebras. Here h 0 is the Lie algebra of T . Let H be the Lie group T × A 4 × A 1 with the Lie algebra h 0 ⊕ A 4 ⊕ A 1 . Then we have the following decomposition of the Lie algebra E 6 :
Here the Ad(H)-modules m i , i = 1, 2 are irreducible and mutually non-equivalent and dim h 0 = 1. For the structure of such decomposition, see [2, 7] . Clearly dim A 4 = 24, dim A 1 = 3, dim m 1 = 40 and dim m 2 = 10. The left-invariant metric on E 6 which is Ad(H)-invariant must be of the form
where u 0 , u 1 , u 2 , x 1 , x 2 ∈ R + , and the space of left-invariant symmetric covariant 2-tensors on E 6 which are Ad(H)-invariant is given by
3)
In particular, the Ricci tensor r of a left-invariant Riemannian metric ·, · on G is a left invariant symmetric covariant 2-tensor on G which is Ad(H)-invariant. Thus r is of the form (2.3). The authors give in [2] the formulae of the Ricci tensor corresponding to the metric (2.2) on E 6 . In fact, the case for E 6 is just one case of what the authors study in [2] . For this decomposition of E 6 , the left-invariant metric on E 6 /A 4 × A 1 which is Ad(H)-invariant must be of the form
where u 0 , x 1 , x 2 ∈ R + . Based on the formulae given in [2] , the authors classify in [6] Einstein metrics on E 6 /A 4 × A 1 which are Ad(H)-invariant.
The following is to discuss the left-invariant metrics on E 6 /A 4 and E 6 /A 1 which are Ad(H)-invariant corresponding to the decomposition (2.1) of E 6 .
2.1. The case of E 6 /A 4 . The left-invariant metric on E 6 /A 4 which is Ad(H)-invariant must be of the form
where u 0 , u 2 , x 1 , x 2 ∈ R + . Based on the formulae given in [2] , we have the components of the Ricci tensor r of the metric (2.5) on E 6 /A 4 :
Furthermore, the metric is Einstein if and only if there exists a positive solution {u 0 , u 2 , x 1 , x 2 } of the system of equations
The following is to solve the equations by the theory of Gröbner basis. Putting u 0 = 1 and by r h0 = r A1 , r h0 = r m1 , r h0 = r m2 , we have
Consider the polynomial ring R = Q[z, x 1 , x 2 , u 2 ] and an ideal I generated by {f 1 , f 2 , f 3 , zx 1 x 2 u 2 − 1} to find non-zero solutions of (2.6). Take a lexicographic order > with z > u 2 > x 1 > x 2 for a monomial ordering on R. By the help of computer, we have the polynomial of x 2 containing in the Gröbner basis of the ideal I: In the Gröbner basis of the ideal I, x 1 and u 2 can be written into polynomials of x 2 . The equation f (x 2 ) = 0 has four solutions:
In fact, we have the following solutions of (2.6): 
The case of
7) where u 0 , u 1 , x 1 , x 2 ∈ R + . Based on the formulae given in [2] , we have the components of the Ricci tensor r of the metric (2.7) on E 6 /A 1 :
Furthermore, the metric is Einstein if and only if there exists a positive solution {u 0 , u 1 , x 1 , x 2 } of the system of equations r h0 = r A4 = r m1 = r m2 . (2.8) Similar to the discussion on E 6 /A 4 . Putting u 0 = 1 and by r h0 = r A4 , r h0 = r m1 , r h0 = r m2 , we have Consider the polynomial ring R = Q[z, x 1 , x 2 , u 1 ] and an ideal I generated by {f 1 , f 2 , f 3 , zx 1 x 2 u 1 − 1} to find non-zero solutions of (2.8). Take a lexicographic order > with z > u 1 > x 1 > x 2 for a monomial ordering on R. By the help of computer, we have the polynomial of x 2 containing in the Gröbner basis of the ideal I: In the Gröbner basis of the ideal I, x 1 and u 1 can be written into polynomials of x 2 . The equation f (x 2 ) = 0 has two solutions:
In fact, we have the following solutions of (2.8): 
Einstein-Randers metrics
A Randers metric F on M is built from a Riemannian metric and a 1-form, i.e.,
where α is a Riemannian metric and β is a 1-form whose length with respect to the Riemannian metric α is less than 1 everywhere. Obviously, a Randers metric is Riemannian if and only if it is reversible, i.e., F (x, y) = F (x, −y) for any x ∈ M and y ∈ T x (M ). Sometimes it is convenient to use the following presentation of a Randers metric in [3] , i.e.,
The pair (h, W ) is called the navigation data of the corresponding Randers metric F . The Ricci scalar Ric(x, y) of a Finsler metric is defined to be the sum of those n − 1 flag curvatures K(x, y, e v ), where {e v : v = 1, 2, · · · , n − 1} is any collection of n − 1 orthonormal transverse edges perpendicular to the flagpole, i.e.
Ric(x, y)
The Ricci tensor is defined by
Obviously, the Ricci scalar depends on the position x and the flagpole y, but does not depend on the specific n − 1 flags with transverse edges orthogonal to y (see [3, 4] ). In the Riemannian case, it is a well known fact that the Ricci scalar depends only on x. Thus it is quite interesting to study a Finsler manifold whose Ricci scalar does not depend on the flagpole y. Generally, a Finsler metric with such a property is called an Einstein metric, i.e.,
for some function K(x) on M . In particular, for a Randers manifold (M, F ) with dim M ≥ 3, F is an Einstein metric if and only if there is a constant K such that (3.4) holds (see [3] ). The following lemma is an important result on Einstein-Randers metrics. 
By the equivalence of the adjoint representation and the isotropy representation of H i on h 0 ⊕ h j ⊕ m 1 ⊕ m 2 , the vector field
is well-defined, and it is G-invariant (see [8] ). For every metric given in Theorem 2.1 and Theorem 2. 
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